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‘ ´±É-�¥É¥·¡Ê·£¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É, ‘ ´±É-�¥É¥·¡Ê·£, �μ¸¸¨Ö

‚ ±μ³¶²¥±¸´ÒÌ ³μ¤Ê²ÖÌ ´ ¤ ¢¥Ð¥¸É¢¥´´Ò³¨  ²£¥¡· ³¨ Š²¨ËËμ·¤  Î¥É´μ° · §-
³¥·´μ¸É¨ ¢¢¥¤¥´Ò Ë¥·³¨μ´´Ò¥ ¶¥·¥³¥´´Ò¥ Å  ´ ²μ£ ¡ §¨¸  ‚¨ÉÉ . �  ¨Ì μ¸´μ¢¥
¶μ¸É·μ¥´Ò ¶·¨³¨É¨¢´Ò¥ ¨¤¥³¶μÉ¥´ÉÒ, Ö¢²ÖÕÐ¨¥¸Ö Ô±¢¨¢ ²¥´É´Ò³¨ ±²¨ËËμ·¤μ¢Ò³¨
¢ ±ÊÊ³ ³¨. �μ± § ´μ, ÎÉμ ³μ¤Ê²¨  ²£¥¡· · ¸±² ¤Ò¢ ÕÉ¸Ö ´  ¶·Ö³Ò¥ ¸Ê³³Ò ³¨´¨³ ²Ó-
´ÒÌ ²¥¢ÒÌ ¨¤¥ ²μ¢, ¶μ·μ¦¤ ¥³ÒÌ ÔÉ¨³¨ ¨¤¥³¶μÉ¥´É ³¨, ¨ ÎÉμ Ë¥·³¨μ´´Ò¥ ¶¥·¥³¥´-
´Ò¥ ³μ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ³ É¥³ É¨Î¥¸±¨¥ μ¡Ñ¥±ÉÒ, ¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´Ò¥, Î¥³
¸¶¨´μ·Ò.

We introduced fermionic variables in complex modules over real Clifford algebras of
even dimension which are analog of the Witt basis. We built primitive idempotents which
are a set of equivalent Clifford vacuums. It is shown that the modules are decomposed into
direct sum of minimal left ideals generated by these idempotents and that the fermionic
variables can be considered as more fundamental mathematical objects than spinors.

PACS: 11.10.Kk

� ¸¸³μÉ·¨³ ±μ³¶²¥±¸´Ò° ³μ¤Ê²Ó ´ ¤ ¢¥Ð¥¸É¢¥´´μ°  ²£¥¡·μ° Š²¨ËËμ·¤ 
Î¥É´μ° · §³¥·´μ¸É¨ n = 2m ¸¨£´ ÉÊ·Ò (p, q), n = p + q. � §μ¡Ó¥³ ¡ §¨¸ eα

£¥´¥· Éμ·μ¢  ²£¥¡·Ò ´  m ¶ · ¶μ¶ ·´μ: e1 ¸ e2, e3 ¸ e4, . . . , e2m−1 ¸ e2m.
‚¢¥¤¥³ ¢¥²¨Î¨´Ò sα = 1 ¶·¨ (eα)2 = 1, sα = i ¶·¨ (eα)2 = −1. ’μ£¤ 
(sα)2 = (eα)2. �·¨ ÔÉμ³ {eα, eβ} = (sα)2δα

β . ‡¤¥¸Ó ¨ ¤ ²¥¥, §  ¨¸±²ÕÎ¥´¨¥³
Ëμ·³Ê²Ò (4), ¶μ ¶μ¢Éμ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³ ´¥É ¸Ê³³¨·μ¢ ´¨Ö.

‚¢¥¤¥³ ¶¥·¥³¥´´Ò¥ Eα É ±¨¥, ÎÉμ eα = sαEα, Eα = (sα)−1eα, (Eα)2 = 1
¤²Ö ¢¸¥Ì §´ Î¥´¨° α, ¨ ¶¥·¥³¥´´Ò¥ θα ¨ θ̄α, ±μÉμ·Ò¥ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ
Ë¥·³¨μ´´Ò³¨:

θα =
E2α−1 − iE2α

2
, θ̄α =

E2α−1 + iE2α

2
. (1)

∗E-mail: v.v.monahov@spbu.ru
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ˆ§ (1) ¸²¥¤Ê¥É, ÎÉμ (θα)2 = (θ̄α)2 = 0, {θα, θ̄β} = δα
β . ‚ ±μ³¶²¥±¸´ÒÌ

 ²£¥¡· Ì Š²¨ËËμ·¤  Cl(2m) ¢¥²¨Î¨´Ò,  ´ ²μ£¨Î´Ò¥ θα ¨ θ̄α, ´ §Ò¢ ÕÉ¸Ö ¡ -
§¨¸μ³ ‚¨ÉÉ  [1, 2]. �μ ¡ §¨¸ ‚¨ÉÉ  ¶·¥μ¡· §Ê¥É¸Ö ¸ ¶μ³μÐÓÕ μ·Éμ£μ´ ²Ó´ÒÌ
¢· Ð¥´¨°,   Ë¥·³¨μ´´Ò¥ ¶¥·¥³¥´´Ò¥ Å ¸ ¶μ³μÐÓÕ ¶¸¥¢¤μμ·Éμ£μ´ ²Ó´ÒÌ,
¸μÌ· ´ÖÕÐ¨Ì (eα)2 ¤²Ö ¢¸¥Ì α.

Œ É·¨Î´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö θ̃α ¨ ˜̄θα Ë¥·³¨μ´´ÒÌ ¶¥·¥³¥´´ÒÌ θα ¨ θ̄α

¸É·μÖÉ¸Ö ´  μ¸´μ¢¥ (1) ¨§ £ ³³ -³ É·¨Í. „²Ö μ¤´μ° ¶ ·Ò ÔÉμ

(
0 0
1 0

)
¨(

0 1
0 0

)
. „²Ö ¡μ²¥¥ ¢Ò¸μ±¨Ì · §³¥·´μ¸É¥°  ²£¥¡· Š²¨ËËμ·¤  ¨¸¶μ²Ó§Ê¥³

 ²£μ·¨É³ [2] ¶μ¸É·μ¥´¨Ö £ ³³ -³ É·¨Í ¢ ¶·μ¸É· ´¸É¢ Ì ¡μ²¥¥ ¢Ò¸μ±μ° · §-
³¥·´μ¸É¨ ´  μ¸´μ¢¥ ¶·Ö³μ£μ ¶·μ¨§¢¥¤¥´¨Ö ³ É·¨Í 2×2. ’ ±ÊÕ Ëμ·³Ê ³ É·¨Í
Ë¥·³¨μ´´ÒÌ ¶¥·¥³¥´´ÒÌ ´ §μ¢¥³ ± ´μ´¨Î¥¸±μ°.

�²£¥¡· ¨Î¥¸±¨¥ ¸¶¨´μ·Ò Å Ô²¥³¥´ÉÒ ²¥¢μ£μ ¨¤¥ ² , ¶μ²ÊÎ ÕÐ¥£μ¸Ö ¢
·¥§Ê²ÓÉ É¥ Ê³´μ¦¥´¨Ö Ô²¥³¥´Éμ¢ ±²¨ËËμ·¤μ¢  ¶·μ¸É· ´¸É¢  ´  ¶·¨³¨É¨¢´Ò°
¨¤¥³¶μÉ¥´É. ‚ ± Î¥¸É¢¥ É ±μ£μ ¨¤¥³¶μÉ¥´É  ¨¸¶μ²Ó§Ê¥³

IV = θ̄1θ
1 θ̄2θ

2 · · · θ̄mθm. (2)

�μ¸±μ²Ó±Ê (IV )2 = (θ̄1θ
1)2(θ̄2θ

2)2 · · · (θ̄mθm)2 = IV , Éμ IV Å ¤¥°¸É¢¨-
É¥²Ó´μ ¨¤¥³¶μÉ¥´É. Œ´μ¦¨É¥²¨ ¢¨¤  θ̄αθα ¢ (2) ±μ³³ÊÉ¨·ÊÕÉ ¨ Ô·³¨Éμ¢μ-
¸μ¶·Ö¦¥´´Ò¥, ¶μÔÉμ³Ê (θ̄1θ

1 θ̄2θ
2 · · · θ̄mθm)+ = (θ̄mθm) · · · (θ̄2θ

2)(θ̄1θ
1) =

θ̄1θ
1 θ̄2θ

2 · · · θ̄mθm, É. ¥. μ´ Ô·³¨Éμ¢μ-¸μ¶·Ö¦¥´´Ò°, I+
V = IV . „μ± ¦¥³, ÎÉμ

IV ¶·¨³¨É¨¢¥´. �Ê¸ÉÓ ÔÉμ ´¥ É ± ¨ IV ¸μ¸Éμ¨É ¨§ ¸Ê³³Ò μ·Éμ£μ´ ²Ó´ÒÌ ¨¤¥³-
¶μÉ¥´Éμ¢ IV = I1 + I2, £¤¥ (I1)2 = I1, (I2)2 = I2, I1I2 = I2I1 = 0. ’μ£¤ 
I1IV = I1(I1+I2) = I1, IV I1 = (I1+I2)I1 = I1. �·¨ ÔÉμ³ θ̄kI1 = θ̄kIV I1 = 0,
É. ¥. θ̄kI1 = 0 ¤²Ö ± ¦¤μ£μ k. �Ê¸ÉÓ I1 = A1 + θ̄kA2, £¤¥ A1 ¨ A2 Å Ô²¥³¥´ÉÒ
³μ¤Ê²Ö, ´¥ ¸μ¤¥·¦ Ð¨¥ ³μ´μ³μ¢ ¸ Ô²¥³¥´Éμ³ θ̄k, £¤¥ ¢ ³μ´μ³ Ì ¢¸¥ Ô²¥³¥´-
ÉÒ θ̄j · ¸¶μ²μ¦¥´Ò ¸²¥¢  μÉ θl. ’μ£¤  ¨§ θ̄kI1 = 0 ¸²¥¤Ê¥É, ÎÉμ θ̄kA1 = 0, ÎÉμ
¢μ§³μ¦´μ Éμ²Ó±μ ¶·¨ A1 = 0. ‘²¥¤μ¢ É¥²Ó´μ, I1 = θ̄kA2. �Éμ ¢¥·´μ ¤²Ö ± ¦-
¤μ£μ k, ¶μÔÉμ³Ê I1 = θ̄1θ̄2 · · · θ̄mB, £¤¥ B Å Ô²¥³¥´É  ²£¥¡·Ò, ´¥ ¸μ¤¥·¦ Ð¨°
³μ´μ³μ¢ ¸ Ô²¥³¥´É ³¨ θ̄k. �μ¸±μ²Ó±Ê I1IV = I1, Éμ I1θ

k = I1IV θk = 0,
I1θ

k = 0 ¤²Ö ± ¦¤μ£μ k, ¨ ³Ò ¶μ²ÊÎ ¥³, ÎÉμ I1 = c1θ̄1θ̄2 · · · θ̄mθ1 θ2 · · · θm,
£¤¥ c1 Å ±μ³¶²¥±¸´ Ö ±μ´¸É ´É . ’μ ¥¸ÉÓ I1 μÉ²¨Î ¥É¸Ö μÉ IV Éμ²Ó±μ Î¨¸²μ-
¢Ò³ ±μÔËË¨Í¨¥´Éμ³ c1. „²Ö I2 ¶μ²ÊÎ ¥³ Éμ ¦¥, ´μ ¸ ±μÔËË¨Í¨¥´Éμ³ c2. ˆ§
μ·Éμ£μ´ ²Ó´μ¸É¨ I1 ¨ I2 ¸²¥¤Ê¥É c1c2 = 0, É. ¥. ²¨¡μ I1 = 0, ²¨¡μ I2 = 0.
�μ²ÊÎ ¥³ ¶·μÉ¨¢μ·¥Î¨¥. ‘²¥¤μ¢ É¥²Ó´μ, ¨¤¥³¶μÉ¥´É IV ¶·¨³¨É¨¢¥´.

Œ É·¨Î´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤ ´´μ£μ ¨¤¥³¶μÉ¥´É  Å ±¢ ¤· É´ Ö ³ É·¨Í 
2m × 2m ¸ ¥¤¨´¨Í¥° ¢ ²¥¢μ³ ¢¥·Ì´¥³ Ê£²Ê. 	Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉμ ¶·¥¤¸É ¢²¥-
´¨¥ ± ´μ ´¨Î¥¸±¨³. ”μ·³Ê ¨¤¥³¶μÉ¥´É  IV ¨§ (2) É ±¦¥ ¡Ê¤¥³ ´ §Ò¢ ÉÓ
± ´μ´¨Î¥¸±μ°.
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�μ± ¦¥³, ÎÉμ ¢ · ¸¸³ É·¨¢ ¥³μ³ ³μ¤Ê²¥ ¢¸¥ Ô·³¨Éμ¢Ò ¶·¨³¨É¨¢´Ò¥
¨¤¥³¶μÉ¥´ÉÒ Ô±¢¨¢ ²¥´É´Ò IV , ¶·¨Î¥³ ¨§μ³μ·Ë´Ò ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³
£·Ê¶¶Ò Š²¨ËËμ·¤ , ¨ ¸¶¨´μ·´Ò¥ ¶·μ¸É· ´¸É¢ . �Ê¸ÉÓ ¨³¥¥É¸Ö Ô·³¨Éμ¢Ò°
¶·¨³¨É¨¢´Ò° ¨¤¥³¶μÉ¥´É I . � ¸¸³μÉ·¨³ ¥£μ ³ É·¨Î´μ¥ ¶·¥¤¸É ¢²¥´¨¥, ¸
±μÉμ·Ò³ ¥£μ ³μ¦´μ μÉμ¦¤¥¸É¢¨ÉÓ ¶·¨ ±μ´±·¥É´μ³ ¢Ò¡μ·¥ ³ É·¨Î´μ£μ ¶·¥¤-
¸É ¢²¥´¨Ö ¡ §¨¸´ÒÌ ±²¨ËËμ·¤μ¢ÒÌ ¢¥±Éμ·μ¢. ‹Õ¡ Ö Ô·³¨Éμ¢  ³ É·¨Í  A
¶·¨¢μ¤¨É¸Ö ± ¤¨ £μ´ ²Ó´μ° Ëμ·³¥ ¶·¥μ¡· §μ¢ ´¨¥³ Ô±¢¨¢ ²¥´É´μ¸É¨ ¸ ¶μ-
³μÐÓÕ ´¥±μÉμ·μ° Ê´¨É ·´μ° ³ É·¨ÍÒ. �·¨¢¥¤¥³ ³ É·¨ÍÊ I ± ¤¨ £μ´ ²Ó´μ°
Ëμ·³¥ É ±¨³ ¶·¥μ¡· §μ¢ ´¨¥³ S1IS−1

1 ¸ ¶μ³μÐÓÕ ´¥±μÉμ·μ° ³ É·¨ÍÒ S1.
�μ¸±μ²Ó±Ê I2 = I , Éμ ´  ÔÉμ° ¤¨ £μ´ ²¨ ³μ£ÊÉ ´ Ìμ¤¨ÉÓ¸Ö Éμ²Ó±μ ¥¤¨´¨ÍÒ
¨ ´Ê²¨. …¸²¨ μÉ²¨Î¥´ μÉ ´Ê²Ö ¡μ²ÓÏ¥ Î¥³ μ¤¨´ Ô²¥³¥´É Ii,i, Éμ · §²μ¦¨³
³ É·¨ÍÊ I ´  ¸² £ ¥³Ò¥ Mi, I =

∑
i

Mi, ¢ ±μÉμ·ÒÌ Ê Mi ´¥´Ê²¥¢Ò³ Ö¢²Ö¥É¸Ö

Éμ²Ó±μ μ¤¨´ Ô²¥³¥´É, ¸ÉμÖÐ¨° ´  ¤¨ £μ´ ²¨ ¢ ¶μ§¨Í¨¨ ¸ ¨´¤¥±¸μ³ i, i, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¥° ´¥´Ê²¥¢μ³Ê Ô²¥³¥´ÉÊ Ii,i. �Î¥¢¨¤´μ, ÎÉμ MiMj = MjMi = 0
¶·¨ i �= j ¨ M2

i = Mi. ‘²¥¤μ¢ É¥²Ó´μ, Ô²¥³¥´ÉÒ Mi Ö¢²ÖÕÉ¸Ö ¨¤¥³¶μÉ¥´-
É ³¨. �μÔÉμ³Ê ¨¤¥³¶μÉ¥´É I · ¸±² ¤Ò¢ ¥É¸Ö ´  ¸Ê³³Ê ´¥´Ê²¥¢ÒÌ μ·Éμ£μ´ ²Ó-
´ÒÌ ¨¤¥³¶μÉ¥´Éμ¢ ¨ μ´ ´¥ ³μ¦¥É ¡ÒÉÓ ¶·¨³¨É¨¢´Ò³. �μ²ÊÎ¨²¨ ¶·μÉ¨¢μ-
·¥Î¨¥. ‘²¥¤μ¢ É¥²Ó´μ, ¶μ¸²¥ ¶·¨¢¥¤¥´¨Ö ³ É·¨ÍÒ ¶·¨³¨É¨¢´μ£μ Ô·³¨Éμ¢μ£μ
¨¤¥³¶μÉ¥´É  ± ¤¨ £μ´ ²Ó´μ° Ëμ·³¥ ´  ¥¥ ¤¨ £μ´ ²¨ ¨³¥¥É¸Ö Éμ²Ó±μ μ¤¨´
´¥´Ê²¥¢μ° Ô²¥³¥´É Å ¥¤¨´¨Í . �Ê¸ÉÓ ¨´¤¥±¸ ÔÉμ£μ Ô²¥³¥´É  i, i. �·¥μ¡· -
§μ¢ ´¨¥ Ô±¢¨¢ ²¥´É´μ¸É¨ ¸ ¶μ³μÐÓÕ ³ É·¨ÍÒ S2, Ê ±μÉμ·μ° (S2)i,i = 0,
μ¸É ²Ó´Ò¥ ¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ (S2)j,j = 1 ¶·¨ j �= i,   ´¥¤¨ £μ´ ²Ó´Ò¥
Ô²¥³¥´ÉÒ (S2)1,i = (S2)i,1 = 1, (S2)j,k = 0, j �= i, k �= i, ¶¥·¥¢μ¤¨É ¤ ´´Ò°
¤¨ £μ´ ²Ó´Ò° Ô²¥³¥´É ´  ³¥¸Éμ ¸ ¨´¤¥±¸μ³ 1,1 ¸ ¸μÌ· ´¥´¨¥³ μ¸É ²Ó´ÒÌ
Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ ¨¤¥³¶μÉ¥´É , · ¢´Ò³¨ ´Ê²Õ. �μÔÉμ³Ê ³ É·¨Í  ²Õ¡μ£μ
¶·¨³¨É¨¢´μ£μ Ô·³¨Éμ¢  ¨¤¥³¶μÉ¥´É  ³μ¦¥É ¡ÒÉÓ ¶·¨¢¥¤¥´  ± ± ´μ´¨Î¥¸±μ°
Ëμ·³¥. �·¨ ÔÉμ³ ¸ ³ ¨¤¥³¶μÉ¥´É ¶·μ¤¥² ´´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨ ¶¥·¥¢μ-
¤¨É¸Ö ¢ ¨¤¥³¶μÉ¥´É I ′ = S2S1IS−1

1 S−1
2 . ’ ± Ö ³ É·¨Í  Ĩ ′ ¨¤¥³¶μÉ¥´É  I ′

³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö Ĩ ′ = ˜̄θ′1θ̃ ′1 ˜̄θ′2θ̃ ′2 · · · ˜̄θ′mθ̃ ′m ¨§

m ³ É·¨Í θ̃ ′α ¨ ˜̄θ′α ¢ ± ´μ´¨Î¥¸±μ° Ëμ·³¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ô²¥³¥´É ³ θ′α ¨
θ̄ ′

α. ‘²¥¤μ¢ É¥²Ó´μ, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ · ¢¥´¸É¢μ ¸¶· ¢¥¤²¨¢μ ¨ ¤²Ö Ô²¥³¥´Éμ¢
 ²£¥¡·Ò Š²¨ËËμ·¤ , ¶·¥¤¸É ¢²¥´¨Ö³¨ ±μÉμ·ÒÌ ¸²Ê¦ É ¤ ´´Ò¥ ³ É·¨ÍÒ:

I ′ = θ̄ ′
1θ

′1 θ̄ ′
2θ

′2 · · · θ̄ ′
mθ′m. (3)

‚¢¥¤¥³ ¢¥²¨Î¨´Ò e′2α−1 = s2α−1(θ′α + θ̄ ′
α), e′2α = is2α(θ′α − θ̄ ′

α). �μ-
¸±μ²Ó±Ê ¤²Ö ¢¥²¨Î¨´ e′k, e′l ¢Ò¶μ²´ÖÕÉ¸Ö É¥ ¦¥ ¸μμÉ´μÏ¥´¨Ö {e′k, e′l} =
(sk)2δk

l , ÎÉμ ¨ ¸μμÉ´μÏ¥´¨Ö {ek, el} = (sk)2δk
l ¤²Ö ek, el, ¶μ μ¡μ¡Ð¥´´μ°

É¥μ·¥³¥ � Ê²¨ [3] ´ °¤¥É¸Ö ¥¤¨´¸É¢¥´´Ò° Ê´¨³μ¤Ê²Ö·´Ò° Ô²¥³¥´É S, μ¡¥¸-
¶¥Î¨¢ ÕÐ¨° ¶·¥μ¡· §μ¢ ´¨¥ Ô±¢¨¢ ²¥´É´μ¸É¨ e′k = SekS−1. �μ ÔÉμ ¶·¥-
μ¡· §μ¢ ´¨¥  ²£¥¡·Ò Š²¨ËËμ·¤  ¸ ¡ §¨¸´Ò³¨ ¢¥±Éμ· ³¨ ek ¢ ¨§μ³μ·Ë´ÊÕ
¥°  ²£¥¡·Ê Š²¨ËËμ·¤  ¸ ¡ §¨¸´Ò³¨ ¢¥±Éμ· ³¨ e′k. �μÔÉμ³Ê ¨¤¥³¶μÉ¥´É (3) Å
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ÔÉμ ¨¤¥³¶μÉ¥´É ¢ ± ´μ´¨Î¥¸±μ° Ëμ·³¥ (2) ¸ ± ´μ´¨Î¥¸±μ° Ëμ·³μ° ¥£μ ³ -
É·¨Î´μ£μ ¶·¥¤¸É ¢²¥´¨Ö. ’ ±¨³ μ¡· §μ³, ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ Ô·³¨Éμ¢μ£μ ¶·¨-
³¨É¨¢´μ£μ ¨¤¥³¶μÉ¥´É  I ´ °¤¥É¸Ö ´¥¢Ò·μ¦¤¥´´Ò° Ê´¨³μ¤Ê²Ö·´Ò° Ô²¥³¥´É
 ²£¥¡·Ò S, ¸ ¶μ³μÐÓÕ ±μÉμ·μ£μ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶·¥μ¡· §μ¢ ´¨¥ Ô±¢¨¢ ²¥´É-
´μ¸É¨, ¶¥·¥¢μ¤ÖÐ¥¥ ¥£μ ¢ ¨¤¥³¶μÉ¥´É IV ¢ ± ´μ´¨Î¥¸±μ° Ëμ·³¥ (2). ’μ ¥¸ÉÓ
¢ · ¸¸³ É·¨¢ ¥³μ³ ³μ¤Ê²¥ ¢¸¥ Ô·³¨Éμ¢Ò ¶·¨³¨É¨¢´Ò¥ ¨¤¥³¶μÉ¥´ÉÒ Ô±¢¨¢ -
²¥´É´Ò IV . 	μ²¥¥ Éμ£μ, ¶μ¸±μ²Ó±Ê ¶·¥μ¡· §μ¢ ´¨¥ Ô±¢¨¢ ²¥´É´μ¸É¨ ¶¥·¥-
¢μ¤¨É ¡ §¨¸´Ò¥ ±²¨ËËμ·¤μ¢Ò ¢¥±Éμ·Ò ¶¥·¢μ´ Î ²Ó´μ°  ²£¥¡·Ò ¢ ¡ §¨¸´Ò¥
±²¨ËËμ·¤μ¢Ò ¢¥±Éμ·Ò ¨§μ³μ·Ë´μ° ¥° ±²¨ËËμ·¤μ¢μ°  ²£¥¡·Ò, ¢ ÔÉ¨Ì  ²-
£¥¡· Ì ¨§μ³μ·Ë´Ò ± ± £·Ê¶¶Ò Š²¨ËËμ·¤ , É ± ¨ ¸¶¨´μ·´Ò¥ ¶·μ¸É· ´¸É¢ ,
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ÔÉ¨³ £·Ê¶¶ ³ ¨ ¨¤¥³¶μÉ¥´É ³, ÎÉμ ¨ ¤μ± §Ò¢ ¥É ÊÉ¢¥·¦-
¤¥´¨¥.

�·¨ ¤¥°¸É¢¨¨ ´  IV ¨§ (2) ¢¥²¨Î¨´Ò θα ¸²Ê¦ É μ¶¥· Éμ· ³¨ ·μ¦¤¥-
´¨Ö, θ̄α Å μ¶¥· Éμ· ³¨ Ê´¨ÎÉμ¦¥´¨Ö,   IV ¸²Ê¦¨É ¤²Ö ´¨Ì ±²¨ËËμ·¤μ¢Ò³
¢ ±ÊÊ³μ³.

‚ · ¡μÉ¥ [1] ¶μ± § ´μ, ÎÉμ ±μ³¶²¥±¸´ Ö  ²£¥¡·  Cl(2m) · §²μ¦¨³  ´ 
¶·Ö³ÊÕ ¸Ê³³Ê 2m ³¨´¨³ ²Ó´ÒÌ ¢§ ¨³´μ μ·Éμ£μ´ ²Ó´ÒÌ ²¥¢ÒÌ ¨¤¥ ²μ¢, ¶μ-
·μ¦¤ ¥³ÒÌ ¡ §¨¸μ³ ‚¨ÉÉ . ‚ ±μ³¶²¥±¸´μ³ ³μ¤Ê²¥ ´ ¤ ¢¥Ð¥¸É¢¥´´μ°  ²-
£¥¡·μ° Š²¨ËËμ·¤  ¤μ¶Ê¸É¨³μ  ´ ²μ£¨Î´μ¥ · §²μ¦¥´¨¥ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
Ë¥·³¨μ´´ÒÌ ¶¥·¥³¥´´ÒÌ. �Ê¸ÉÓ Kα = θ̄αθα ¨ K∼

α = θαθ̄α. �μ¸±μ²Ó±Ê
Kα + K∼

α = 1, ¨³¥¥³
∏

α=1,...,m
(Kα + K∼

α ) = 1, ¨ ¶·¨ · §²μ¦¥´¨¨ ¶·μ¨§¢¥-

¤¥´¨Ö ´  ¸Ê³³Ê ¸² £ ¥³ÒÌ ¶μ²ÊÎ ¥³
∑

i=1,...,2m

Ii = 1, £¤¥ I1 = K1K2 · · ·Km,

I2 = K∼
1 K2 · · ·Km, I3 = K1K

∼
2 · · ·Km ¨ É. ¤. ‚ ± ¦¤μ³ ¨§ ¸² £ ¥³ÒÌ Ii

m ³´μ¦¨É¥²¥°, ¢ ± Î¥¸É¢¥ ±μÉμ·ÒÌ ¢Ò¸ÉÊ¶ ÕÉ ²¨¡μ Kα, ²¨¡μ K∼
α , É. ¥.

¤¢  ¢ ·¨ ´É  ¢ ± ¦¤μ° ¨§ m ¶μ§¨Í¨°. �μ¸±μ²Ó±Ê KαK∼
α = K∼

α Kα = 0,
IiIj = IjIi = 0 ¶·¨ i �= j ¨ (Ii)2 = Ii. ’μ ¥¸ÉÓ ÔÉμ ´ ¡μ· μ·Éμ£μ´ ²Ó´ÒÌ
¨¤¥³¶μÉ¥´Éμ¢. �μ¸±μ²Ó±Ê I1 = IV , ¤ ´´Ò° ¨¤¥³¶μÉ¥´É ¶·¨³¨É¨¢´Ò°. ‚¸¥ Ii

¨§μ³μ·Ë´Ò ¨ μÉ²¨Î ÕÉ¸Ö Éμ²Ó±μ § ³¥´μ° θ̄α ¨ θα ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶ ·¥,
¶μÔÉμ³Ê μ´¨ É ±¦¥ ¶·¨³¨É¨¢´Ò. ‘²¥¤μ¢ É¥²Ó´μ, ¨¤¥ ²Ò, μ¡· §μ¢ ´´Ò¥ ¸ ¨Ì
¶μ³μÐÓÕ ¨ μ¡· §ÊÕÐ¨¥ · §²μ¦¥´¨¥ ³μ¤Ê²Ö ´  μ·Éμ£μ´ ²Ó´Ò¥ ¶·μ¸É· ´¸É¢ 
¸¶¨´μ·μ¢, ³¨´¨³ ²Ó´Ò, ÎÉμ § ¢¥·Ï ¥É ¤μ± § É¥²Ó¸É¢μ.

Š ¦¤Ò° ¨§ 2m ¨¤¥³¶μÉ¥´Éμ¢ Ii Ö¢²Ö¥É¸Ö ±²¨ËËμ·¤μ¢Ò³ ¢ ±ÊÊ³μ³, ¶·¨-
¢μ¤¨³Ò³ ± ± ´μ´¨Î¥¸±μ³Ê ¢¨¤Ê (2) ¶·¥μ¡· §μ¢ ´¨¥³ ¶μ¤μ¡¨Ö. �¤´ ±μ μ¤-
´μ¢·¥³¥´´μ ± ± ´μ´¨Î¥¸±μ³Ê ¢¨¤Ê ³μ¦¥É ¡ÒÉÓ ¶·¨¢¥¤¥´ Éμ²Ó±μ μ¤¨´ ¨§ 2m

±²¨ËËμ·¤μ¢ÒÌ ¢ ±ÊÊ³μ¢. �Éμ ¶·¨¢μ¤¨É ± ´¥μ¡Ìμ¤¨³μ¸É¨ μ¤´μ¢·¥³¥´´μ · ¸-
¸³ É·¨¢ ÉÓ ´¥ μ¤¨´,   ¸· §Ê ´¥¸±μ²Ó±μ ¢ ±ÊÊ³μ¢. ‚ ¶μ²μ¢¨´¥ ¨§ ±²¨ËËμ·-
¤μ¢ÒÌ ¢ ±ÊÊ³μ¢ ³μ¤Ê²Ö ´  ¶¥·¢μ° ¶μ§¨Í¨¨ ¸Éμ¨É θ̄1θ

1, ¨ ¤²Ö ´¨Ì θ1 ¡Ê¤¥É
¸²Ê¦¨ÉÓ μ¶¥· Éμ·μ³ ·μ¦¤¥´¨Ö, θ̄1 Å μ¶¥· Éμ·μ³ Ê´¨ÎÉμ¦¥´¨Ö,   ¢ μ¸É ²Ó-
´ÒÌ θ̄1 Å μ¶¥· Éμ· ·μ¦¤¥´¨Ö, θ1 Å μ¶¥· Éμ· Ê´¨ÎÉμ¦¥´¨Ö. ’ ±¨³ μ¡· §μ³,
¶·¨¢ÒÎ´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö μ¡ μ¤´μ§´ Î´μ¸É¨ ·μ²¨ μ¶¥· Éμ·  ·μ¦¤¥´¨Ö ¨²¨



744 Œ���•�‚ ‚. ‚.

Ê´¨ÎÉμ¦¥´¨Ö, ¶·¨³¥´¨³Ò¥ ¢ μ¤´μ³ ±²¨ËËμ·¤μ¢μ³ ¢ ±ÊÊ³¥, ´¥μ¡Ìμ¤¨³μ § -
³¥´¨ÉÓ ´  ¡μ²¥¥ ¸²μ¦´Ò¥.

‚ ³ É·¨Î´μ³ ¶·¥¤¸É ¢²¥´¨¨ ³μ¤Ê²Õ ¸μμÉ¢¥É¸É¢Ê¥É ±¢ ¤· É´ Ö ³ É·¨Í 
2m×2m, ± ¦¤μ³Ê ¨§ ¸¶¨´μ·´ÒÌ ¶·μ¸É· ´¸É¢, ¶μ·μ¦¤¥´´ÒÌ ±²¨ËËμ·¤μ¢Ò³
¢ ±ÊÊ³μ³, Å ¸Éμ²¡¥Í ÔÉμ° ³ É·¨ÍÒ,   ¸ ³μ³Ê ±²¨ËËμ·¤μ¢Ê ¢ ±ÊÊ³Ê ¢ ÔÉμ³
¸Éμ²¡Í¥ ¸μμÉ¢¥É¸É¢Ê¥É ¥¤¨´¨Î´Ò° Ô²¥³¥´É, ¸ÉμÖÐ¨° ´  ¤¨ £μ´ ²¨ ³ É·¨ÍÒ
³μ¤Ê²Ö. �·μ¨§¢μ²Ó´Ò° Ô²¥³¥´É Ψ ¨¤¥ ² , μ¡· §μ¢ ´´μ£μ ¸ ¶μ³μÐÓÕ I1, ³μ-
¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥

Ψ = (ψ0 + ψk1θ
k1 + ψk1,k2θ

k1θk2 + ψk1,k2,k3θ
k1θk2θk3 + . . .

. . . + ψ1,2,3,...,m θ1θ2 · · · θm)IV , (4)

£¤¥ ¶μ ¶μ¢Éμ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³ ¨¤¥É ¸Ê³³¨·μ¢ ´¨¥,   ψ0, ψk1 , ψk1,k2 , . . . ,
ψk1,k2,...,km Å Î¨¸²μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ, ¶·¥μ¡· §ÊÕÐ¨¥¸Ö ± ± ±μ³¶μ´¥´ÉÒ
¸¶¨´μ· . �²¥³¥´ÉÒ · §²μ¦¥´¨Ö (4) ´¥²Ó§Ö ¸Î¨É ÉÓ ´μ²Ó-Î ¸É¨Î´Ò³¨, μ¤´μ-
Î ¸É¨Î´Ò³¨ ¨ É. ¤. ‚¸¥ μ´¨ Ö¢²ÖÕÉ¸Ö ±μ³¶μ´¥´É ³¨ μ¤´μÎ ¸É¨Î´μ£μ ¸μ¸ÉμÖ-
´¨Ö Å ¸¶¨´μ· . „²Ö μ¸É ²Ó´ÒÌ ¨¤¥ ²μ¢ · §²μ¦¥´¨Ö  ´ ²μ£¨Î´Ò ¸ ¢§ ¨³´μ°
§ ³¥´μ° θk ¨ θ̄k ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ k. ˆ 2m ²¥¢ÒÌ ¨¤¥ ²  ³μ¤Ê²Ö, ¶μ·μ-
¦¤¥´´ÒÌ ¨¤¥³¶μÉ¥´É ³¨ Ii, ³μ¦´μ ¸μ¶μ¸É ¢¨ÉÓ 2m Ë¥·³¨μ´ ³.

’ ±¨³ μ¡· §μ³, ¸ ¶μ³μÐÓÕ Ë¥·³¨μ´´ÒÌ ¶¥·¥³¥´´ÒÌ ³μ¦´μ ¶μ¸É·μ¨ÉÓ
±²¨ËËμ·¤μ¢Ò ¢ ±ÊÊ³Ò, ¢¥±Éμ·Ò ¸μ¸ÉμÖ´¨Ö Ë¥·³¨μ´μ¢ ¨ μ¡· §ÊÕÐ¨¥ ±²¨Ë-
Ëμ·¤μ¢μ°  ²£¥¡·Ò. �μÔÉμ³Ê Ë¥·³¨μ´´Ò¥ ¶¥·¥³¥´´Ò¥ ³μ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö
± ± ¡μ²¥¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ ³ É¥³ É¨Î¥¸±¨¥ μ¡Ñ¥±ÉÒ, Î¥³ ¸¶¨´μ·Ò.
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