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TWO-LOOP ELECTROWEAK VERTEX CORRECTIONS
FOR POLARIZED MOLLER SCATTERING

A. G. Aleksejevs ', S. G. Barkanova 2, Yu. M. Bystritskiy ©3,
|E. A. Kuraev©|, V. A. Zykunov ®*

“ Memorial University, Corner Brook, Canada

b Acadia University, Wolfville, Canada
¢ Joint Institute for Nuclear Research, Dubna

4 Belarussian State University of Transport, Gomel, Belarus

The contributions to the electron—photon vertex of two-loop electroweak corrections are calculated.
The relative correction to the parity-violating asymmetry of the Moller scattering for the case of 11-GeV
electron scattered off the electron at rest is found to be about —0.0034 and should be taken into account
at future experiment MOLLER at JLab.

BrramcieHs! BKII JbI B 371€KTPOH-(DOTOHHYIO BEPIIMHY B P MK X dJIEKTpoci 00if TeOpHH B ABYXIETIIe-
BOM NpuOIMxKeHnu. T KXe BBbIMUCICH OTHOCHUTEINBH s IOIMp BK K H PyLI IOLIEH YeTHOCTh CHUMMETPHU
B p ccedqHun Ménnep . B ciyd e p ccesqnus »nekTpoHoB ¢ dHeprueil 11 I'sB H aneKTpoH X MUILeHH
H el BKJI 1 B cumMmerpuio H ypoBHe —(0,0034, 4To CBUIETENBCTBYET O TOM, UYTO 3TOT BKJ I JOJXEH
YUUTBIB Thesl B 1T HUpyeMoM akcniepumeHTe MOLLER B JLab.

PACS: 12.15.Lk; 12.20.Ds; 13.40.Em

INTRODUCTION

The need for physics beyond the Standard Model (SM) is clear at least from two ex-
perimental facts: nonzero neutrino mass and the presence of dark matter in the Universe.
The search for this new physics is one of the most active fields of modern physics and has
three major directions: energy, cosmic and precision frontiers. The precision frontier we are
interested in is driven by the indirect searches, looking for impact of new particles on observ-
ables such as scattering cross-section asymmetry causing small deviations from original SM
predictions. The high-precision electroweak experiments involving the parity-violating (PV)
Moller scattering, electron—positron collisions or electron—nucleon scattering can provide in-
direct access to new physics at multi-TeV scales and play an important complementary role
in the LHC research program. These low-energy experiments tend to be less expensive than
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experiments at the high-energy colliders, but they do require a significant theoretical input,
part of which we aim to provide in this paper.

One of such experiments, MOLLER [1], studying the parity-violating Mgller scattering,
would allow a determination of the weak mixing angle with an uncertainty of 0.1%, an
improvement of a factor of five in fractional precision compared with the previous E158
measurement. At such precision, any inconsistency with the SM could signal new physics.

In order to match the proposed electroweak experimental precision, it is necessary to
evaluate electroweak radiative corrections (EWC) on the SM observables with at least ~ 0.1%
precision, which would require contributions to the electroweak cross sections of order up
to O (a4). In the Feynman diagram approach, this corresponds to the two-loop calculations.
For the MOLLER experiment, the one-loop EWC can reach up to 65% [2-5], so, although
the two-loop corrections are strongly suppressed relative to the one-loop EWC, they still
can potentially contribute up to a few percent. The two-loop corrections for two-to-two
processes are extremely difficult to evaluate, in part because of dramatic complications due
to the presence of massive vector bosons in the two-loop integrals, but they can no longer be
dismissed in the new-generation precision experiments.

Starting in 2011, our group has been making a steady progress calculating major gauge-
invariant two-loop contributions to the Mgller parity-violating asymmetry [6-9]. We divide
the two-loop EWC to the Born cross section (~ MyM_{) onto two classes: Q-part induced
by quadratic one-loop amplitudes ~ M; M7, and T-part — the interference of Born and
two-loop amplitudes ~ 2 Re (/\/lo/\/l;r ) (here index i in the amplitude M, corresponds to the
order of perturbation theory). The @Q-part was calculated exactly in [6] (using the Feynman—
't Hooft gauge and the on-shell renormalization), where we show that the @-part is much
higher than the planned experimental uncertainty of MOLLER; i.e., the two-loop EWC are
larger than was assumed in the past. The large size of the ()-part demands detailed and
consistent treatment of the T'-part, but this formidable task will require several stages. Our
first step was to calculate the gauge-invariant double boxes [7]. In paper [9], we considered the
EWC arising from the contribution of a wide class of the gauge-invariant Feynman amplitudes
of the box type with one-loop insertions: fermion mass operators (or Fermion Self-Energies
in Boxes), vertex functions (or Vertices in Boxes), and polarization of vacuum for bosons
(or Boson Self-Energies in Boxes). In this paper, we do the next step — we calculate the
insertions of two-loop vertices to vertices (VV), fermion self-energies to vertices (FSEV), and
double vertices (DV).

The paper is organized as follows. In Sec.1, we consider the asymmetry in the Born
approximation and introduce the basic notations. In Sec.2, we calculate two Feynman dia-
grams with extra WW- and Z-boson subgraphs (VV). Section 3 is devoted to the diagrams with
lepton mass operators insertions (FSEV). We consider complex vertices (DV) in Sec.4 and
give numerical estimation of total effect of these contributions in Sec. 5.

1. BASIC NOTATIONS
We consider the process of electron—electron elastic scattering, i.e., the Mgller process:
e(p1, A1) + e(p2, A2) — e(ph, A1) + e(ph, As), (1

where Aj o ()\’1,2) are the chiral states of initial (final) electrons and p; » are 4-momenta of
initial electrons and p} , are 4-momenta of final electrons. The first measurement of the
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parity-violating (left-right) asymmetry

4 do=~"" —dotttt
Cdom— " +dotttt 4 dot—t- 4 dot——t 4 do—t—t +do—tt
|M7777|2 _ |M++++|2
DI ?
)

in the Moller scattering was made by E158 experiment at SLAC [10-12]. In the lowest
order of perturbation theory in the framework of QED, the matrix element squared which is
summed over polarization states of electrons has the following form:

4 44 4
A2 98T+t u
Z |M | = 8(471‘04) W (3)
A
We use the notation for the kinematic invariants neglecting the electron mass m:
5=2pip2, t=-2pipy, u=-2pipy, s+t+u=0. (4)

Thus, here and further we neglect the terms of order O(m?/s) since in MOLLER experiment
it is expected that beam energy is Epeam = 11 GeV, that is s = 2mFEpeam ~ 0.01124 GeV?2.
Sometimes we retain electron mass at intermediate steps of calculations, but in final results
it survives only as the arguments of collinear logarithm (in form In (s/m?)). Within the
Standard Model one has additional contribution in the Born approximation with Z-boson
exchange which gives rise to polarization asymmetry A°:

s a y(l—vy) -t l—c

Y U Sy Ay = ===
2m32, ¢ O T 1=yt Y= 2

0) T (5)
Sw

where ¢ = cos 8 is the cosine of scattering angle § = (pl, p’l) in the system of center-of-mass

of electrons; my is the W-boson mass, and a is the so-called “weak electron charge”

a=1 —45%,[,. (6)

Now let us recall that sy (cy) is the sine (cosine) of the Weinberg angle expressed in terms
of the Z- and W-boson masses according to the Standard Model rules:
mw

=4/1—¢? = —. 7

SwW Cyvs Cw my ( )

Thus, the factor a is just @ ~ 0.109, and the asymmetry is, therefore, suppressed by both

s/m%, and a. Even at Central Region (CR) of MOLLER (at § ~ 90°, i.e., t ~ u &~ —s/2),
where the Born asymmetry is maximal, this asymmetry is extremely small

s a
AY =~ — ~9.4968- 1075, 8
Im32, s2, ®)

It is the main aim of this paper to estimate the contribution of some classes of two-loop
contributions, which have some logarithmical enhancement. As for the non-enhanced ones —
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Two-loop vertices to vertices (a,b), fermion self-energies to vertices (c,d), double vertices (e—h).
Photons are denoted by wavy lines, massive bosons — by dashed lines, electrons and neutrinos — by
solid lines. Notations on diagrams show the type of particle (Z, W, v) and 4-momenta of them

they have an order of (—t/m%)(a/m)? ~ 107! for CR of MOLLER. Below we consider
contribution to the vertex function AV, for on-mass-shell electrons p3 = pi? = m? and the
space-like 4-momentum of the virtual photon Q% = —¢? = —(p; — p})? > m? in two-loop
level from the class of the Feynman diagrams containing the intermediate states with W and
Z bosons (see the Figure). Due to vertex renormalization condition AV)|g2—g = 0, the
corresponding contribution is proportional to Q? /m%,v ». Thus, we restrict ourselves by the
condition

=<1, i=WZ )

2. VERTEX SUBGRAPHS WITH EXTRA W AND Z BOSONS

The one-loop expression for contribution of WW+ vertex to e(p1) — e(p1 — k) + (k)
vertex (see Fig.a) has the form

2
Ve (pr, k) = —iea(p: — k)y,w_u(pl)gg?T2 19(k?), (10)
1 Y
2 y— K22z klx(l-2
19(k?) :/dy/dm (Glany2 7y f( Qz)_), (11)
miyy miyyy — k%2
0 0

where wy = 1+ 5, g = ¢/sw, and e is the electron charge value (e = |e| > 0). Here and
below we use the common notation T =1 — z, § = 1 — y, etc. Analogously, one-loop vertex
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with one additional Z boson (see corresponding subgraph in Fig. b) looks like

2

g
Wlb(kQ), (12)

Vi (p1, k) = —ieti(p1 — k)yu(a+ v5)%u(pr)

1

k? k*zzx
1°(k?) /dy/daz< o M2y~ KxT — > (13)
m%y myy — k?xx
0

Both functions I%*(k?) are normalized as 1%*(0) = 0.
Integrating over 4-momenta of photon k, we get the contribution of (10) into full two-loop
vertex V), (see Fig.a) as

2
« . gima _,
AV = e gy e
. (14)
d*k N
Ia — Ia Ia — a4 Ia k2
=t o /m2 k2(k2 — 2p1 k) (k2 — 2pik) (5%,
N = a() @) — k+m)y(pr — &+ m)y w_u(p), (15)

where two terms I{',, in (14) correspond to two terms in (11). Omitting the terms of order
O(p; %), we write down the contribution Ii, as

(16)

=6 d Ni
o /yy y/ 2 m2, (k% — 2p1k) (k% — 2pik)

Using the Feynman parameters trick, one can integrate over loop momenta k and obtain the
result as a sum of ultraviolet finite (UV-finite) and ultraviolet divergent (UVD) parts:

|k2|<m?,

1

2 2
Q_2 / o7 (m ”Z—QW _ 1) dz + UVD-part,

myy
0

where b? = (p1z + piZ)?> = m? + Q*zz. Here and below we use the same notations for
unrenormalized and renormalized quantities. Thus, after renormalization of IfM, we obtain
the expression
Q* . 1, m? 7
I, = %c?u(pi)’y#w,u(pl), =3z Q—VQV + — = 5.0406. (17)
Here and everywhere below the number value corresponds to CR of MOLLER.
Second term I3, in (14) can be written as

1

Yy
1—2z¢ [ d*% N
o _ 7 d d ar B 18
2u /yy y/ R /i?TQ (k2 — 02)(k? — 2p1k) (k2 — 2pi k)’ 1o
0 0
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2

where 02 = mi,y/(xZ). Again using standard manipulations, we arrive at

1 Yy 1 1
1-2z
13, =ﬂ(p’1mw—U(p1)/y§dy/dw I /dm1/2y1 dy x
0 0 0

0
2 2
X{A 3 Q

5= =3 = p-(l—ya) —pa) |, (19)

where D, = y3b2 + 0?41, b2 = (v1p1 +:E1p'1)2 = m? 4+ 2:2:Q?, and A is the UV-re-

a
gularization parameter. Applying the renormalization procedure, we obtain

1 1 1 Y
1-2x
Cg:—/dm/%ldyl/y@d?}/dm1733X (20)
0 0 0 0

Lxlxly%mc) N pwaZ(1 —y121)(1 — y171)

> ol = —0.0930.
W YY1 PWYY1 + Y7TTT1T1

X {pw In (1 +
The final expression for contribution of W-vertex subgraph to the vertex function (see Fig. a) is

Q? ¢*4ra

AV = _je 0 92T
K Zem%/v (1672)2

(e + ¢5)u(py) Yuw-—u(py). @2n

Contribution of Z-vertex subgraph (see Fig. b) has the form

287
AVP = 9 b
it w2 (16722
d*k N}
I=[— S I°(k? 22
" /m2 k2 (k2 — 2p1k) (k2 — 2pk) (k%), @2)

N = a(p)) (B — k +m)vu(Br — k + m)ya(a £ 75)2u(p).
In the similar way, we obtain for contribution of Z-vertex subgraph to the vertex function

Q? ¢*8ra(l +a)?

b _ %
AV = 70T (w2 (1672 2

(e} + B)a(p))vuulpr), (23)

1 x1Z Y3z z(1 - 1 -z
_aclxlylxz> n pzxz( yﬂl)( ylxl) — —0.0944. (24)

X [pz In <1 + = —  ———
Pz Y PzYY1 + Y1TTT1T1
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3. ELECTROWEAK ELECTRON MASS OPERATOR INSERTION
TO THE VERTEX FUNCTION

Now let us consider the set of the Feynman diagrams of vertex type containing electron
Mass Operator (MO) with internal Z- or W-bosons insertions (see Fig.c,d). The relevant
contribution to the vertex function has the form

. d4k’ Ni
AVMO = _je L IVZ L yW], Vi :/——“ 25
p Z€2W[ LV in? K2(k2 — 2p k)’ (25)

where ¢ = Z, W, and the numerator V, ﬁ is
N} = a(p) @) =k +m)yu By — &+ m)y e Du(p) M (k, p1), (26)
with

%) — M W) — 92“]*_ 27
(dew )2872 1672

Mass operator M*(k,py) of the off-mass-shell electron looks like

1
dz

1
71 d . 28
k,p1) /331931 xl/mf—mlz(k2—2p1k) (28)
0 0

The standard Feynman procedure of joining the denominators and the loop momentum inte-
grating gives us

1

1
; dz [ d*k N,
Vl — = d -~ - M
" /xl ml/ z / im? k2(k? — 2pik)(k? — 2p1k — 02)’

0 0

(29)

N (pl)fy)\( k + m)’}/u(pl k + m)7Au(p1)7 0—1'2 = )

which can be simplified to the form

Vi = a(py)vuu(p1)Vi,

1 1 1
d A2 2
Vi:/fldxl 7/dz/2ydy<1n3i%i>,
0 0 0

where D; = b?y? + xyo?. After renormalization and expansion on powers of Q2?/m?, we

obtain
1 1 p 1 1 )
,:_Q_/ 1dx1/—z/dm/2ydy[ 7+ (y—y%x)]. 31
z D;
0 0 0 0

(30)

I}

o _

[

=N
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Final expression for the contribution to the vertex function (see Fig.c,d) is

avMo ;o & [ —5c3 L(1 + a)a(py)vuu(p) +
“ 21 | m% ° (dew)24m2 .
Q w 9 _
o ety (2
with
1, m? 2
cZ = n?+—730345 oA :gan—W 3 = 29925, (33)

4. CONTRIBUTION OF DIAGRAMS CONTAINING WW+~, WW~~ VERTICES

Below we consider diagrams containing WW~~, W W+~ vertices only because their con-
tributions are associated with logarithmic enhancement. Let us consider the Feynman diagram
with virtual photon which is emitted from the initial electron and absorbed by the final electron
(see Fig.e). The relevant contribution to the vertex function is

drag? .

AV: = Z@W e

e / d'k 1 y 34)
w T T (62— N2 (k2 — 2p1k) (K2 — 2pLk)

/ d*ky VN7
in? K ((k + k1 —p1)? = miy ) ((k + k= ph)? —miy)’

where A is the photon mass, and

Va',un = gcr,u(2p1 - pll — k- kl)n + g,ucr(Qpll —P1— k— k1)0+
+ gna(_pl - pll + 2(k + kl));m (35)

Nyo = @) (B — k) ynk1ve (b1 — k)y w_u(pr).

Doing the similar treatment as it was done above, one can integrate over loop momentum k1,
renormalize the amplitude of this subgraph and obtain

e 3 / Ak a(ph) () — )71 — k) w_u(p) 36)
Booomdy | oan? o (B2 — N2) (k2 — 2p1k) (k2 — 2pik)

k2] <m3,

After integration over k one gets

1
. 3@2 m2 QQ B B
V= —% /dm/dey {ln DW - D—e(y—l—yQ:mc) , (37)
0
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where D, = 3%b? + \2y. Further, we use simple integrals

1
2ud 1 b2 2 2
/ yay = —1Iln— /—Q dm:2ln—Q
m

2b2 + )\2 b2 )\2 ’ b2 27
0 0
! Q2 ! Q2 b2 Q2 2
xrxT 2 o
l/“ p =t L/iz‘ln;gidziiln m 3
0 0
and obtain
. 2 drag?
AV;L =1e %/Vu(pl)r)/,uw*u(pl)2(167_r2)2 )
(38)

2 m2 Q2 5 Q2 QQ

The diagrams in Figs.f~h have a general enhancement factor which is associated with
the collinear photon emission in vertex. Let us demonstrate this in general. The common
structure for all three diagrams contains the emission of photon with momentum k from initial
electron. This leads to the following structure of the amplitude:

_ A/A 7
poh = £ [ 2L TOOG L+ iy )

e T 16m2 | in? k2(k2 — 2pik) ’

where O;} corresponds to the remaining part of the Feynman diagram and is different for each
diagram. We note that the dominant contribution to this integral comes from the integration
region of small photon momentum (i.e., |k%| < m%,), and thus we can omit k in the remaining
part of vertex amplitude, containing the momenta of a W boson. Joining the denominators,
we have

vieh = [ dz2za(p)pin O, ulpr) o 1
f = p1)pix Uy k~axpy P 2 ((k — Ip1)2 — m2x2)2

|k2|<m?,

where we approximated the traces of the amplitude by taking it in collinear region (i.e.,
putting k — xp;). This gives us the possibility to integrate over d*k and obtain

m2
Vol ~ —/dm:wpl)p1A Onl,.. apy UP1) <lnm2—‘¥21>. (40)

The diagram containing the WW~~ vertex (see Fig.f) gives

dky Nf
AVf o R g S AU 1// Ao 41
RET P LEN ki (kT — 2p1ky — miy,) (kf — 2pi k1 — miy,)’ v

N,J\cg = ﬁ(p&)')/criflf}/)\wfu(pl); S,Lw)\cr = 2g,u.1/g)\a' — 9ur9vo — Guoguv X,

e m
R~—1 L=In-%
1672 e
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The loop momentum integral does not have ultraviolet as well as infrared divergences. Stan-
dard manipulations lead to

2 4 2
O M9 1 ) Yo u(pr). 42)

AV =2 —_—
Vie = 2o g 5 16w2)

For the Feynman diagram with WW+ vertex shown in Fig. g we have

drad® [ d*k A k1 vaw—_u(p) VA Vo 17 1,
AVY = “2iR 770492 / : 21 (P k1A (p21) 1 2, D1 , 43)
32m kY (kT = 2piky — miy)” (R — 2ph Ky — miy)
where vertices have the form
Vl)\lla — (2p1 _ kl))\gua 4 (2k’1 _pl)l/gak 4 (_pl _ k/,l)zfg)\ll7 (44)
Va7 = (=p1 — P} + 2k1),g" + (2p1 — P} — k1)"g;, + (2py —p1 — k1) g
Retaining in the numerator the terms quadratic over loop momenta, one gets
2 ! ! QQ
g7 13
AVY = —zRgu(pi)’yuw,u(pl)/xdaz/gf dyD—g (I) , (45)
0 0

where D, ~ ym%,. Finally, we have for the contribution of the Feynman diagram shown
in Fig. g:
. Q% _ ag? 13 _
—Uu
o m¥,  32m3 36

(P}) Yuw—u(p1), (46)

and the diagram shown in Fig. & gives the similar result:

IR

/
I w2 L 643 36 u(py) Ypw—u(p1)- (47)

5. NUMERICAL CONTRIBUTION TO THE LEFT-RIGHT ASYMMETRY

Collecting the result of considered two-loop contributions, one can put the total result in
the form

Avi+b +AVHMO +Avj+f+9+h — BZKf +BWKXV, (48)
where
z . 2 2 ch2 oy
K, = Zem—gz(l + a) WU(M)WU(ZM% (49)
. Q% ag?
KY = ie-2_ 29 ) o ulp), (50)
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and the coefficients look like

BZ = —8(c} + ) + 32¢Z = 70.5285,

(51)
) 2
BY = —4(c§ + ) + 8y 4314 1 L <1 — 56 - %) = —312.382.
Let us note by index C' the contributions investigated here, ie., C = a,b,..., h. As

specific corrections to observable parity-violating asymmetry induced by contribution C' we
choose the contribution to the asymmetry (AA)c and the relative corrections DY

|M7777|2 _ |M++++|2
(AA)e = —¢< ST < , (52)
po_ (BAo Mg - MR -
A A0 Mg~ 2 - |Mar+++|2'

The physical effect of radiative effects from contribution C' to observable asymmetry is
determined by the relative correction (see [9] for more details):
5 — AC - A" D§ -6
A AO 14060

(54)

where the relative correction to unpolarized cross section is 6¢ = o§,/08,. For two-loop
effects (where 6€ is small) the approximate equation for relative correction to asymmetry
takes place: 6§ ~ DS.

Contributions to asymmetry of Z and W types are

Q? agm
AA)y = —16aB? 29T
(Ad)z Ga m% (dew)?(1672)2°
(55)
(Ad)y — 4BW & _09°T
m2, (1672)2"

which give the relevant numerical values
(AA)z = —2.5410- 10712 (AA)w = —3.1983- 10717, (56)

Taking into account that in CR of MOLLER the Born asymmetry A° = 94.97 ppb, the
numbers for relative corrections DY are

D% = —0.0000267, D% = —0.0033677. (57)

We can see that effects have the same negative sign, the first is rather small, but the second
one is at the edge of the region of planned one per cent experimental error for MOLLER,
and thus will be important for future analysis of MOLLER experimental results.
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