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The effective coefficients of a conductivity field for estimating an average value of the current
density and its variance for the problem of resistivity logging in a multiscale isotropic porous medium
are considered. A conductivity field has pulsations from an extremely wide range of scales and log-
normal statistics. For the modelling of the conductivity we use Kolmogorov’s multiplicative cascades.
The problem is solved by the method of subgrid modelling. The results are verified by the 3D numerical
modelling.

P ccm TpuB 1oTca addekTuBHBIE KO3((UINUEHTH! OIS MPOBOAUMOCTH ISl OLIEHKM CPEIHEro 3H -
YeHUs IUVIOTHOCTH TOK W €ro M3MEHEHWH JUIT 3 I UM DJIEKTPHIECKOro K POT X B MYIBTUM CINT OHOM
HU30TPONHON nopucroii cpene. Ilone npoBoAUMOCTH X p KTEpU3yeTCs IyJIbC LUSMHU B Kp HHE IIHPOKOM
I{ T 30He M CIOT GOB W JIOTHOPM JIBHOM CT THCTUKOW. IS MOJETMPOB HHS IPOBOIMMOCTH HCIIOIb3Y-
10TCS MYJIBTHIUTUK THBHBIE K CK bl KomMmoropos . 3 1 u pemr eTcs METOIOM IOJCETOYHOTO MOJIENH-
poB Hus. Pe3ynbT THI KOHTpONMUpyoTcs 3D-MoziemMpoB HHUEM.

PACS: 02.70.Rr; 61.43.Gt

INTRODUCTION

Natural porous media are essentially inhomogeneous. Large-scale (coarse) elements of a
medium structure, such as, easily recognizable layers or intercalations are directly described
by the model. Small-scale details of conductivity, porosity, permeability are unknown. They
should be considered within the statistical approach, introducing effective parameters. To take
into account the intermittency of an inhomogeneous medium one can use the ideas proposed
by Kolmogorov [1]. In this approach, the basic properties of media are hierarchical spatial
structurization and power dependencies.
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1. MAIN EQUATIONS AND A CONDUCTIVITY MODEL
We consider the problem of the direct-current in the isotropic inhomogeneous medium [2]:

Vio(x)ViU (x) =0, U(x)|s = Up(x), 0
B(x) = ~VU). j(x) = o(x)E(x)

where o(x) is conductivity of the medium; U (x), E(x) are potential and electrical fields; j(x)
is density of the current. We suppose that the conductivity is constant outside the volume V'
with a boundary S. Let the field of conductivity be known. This means that it is measured
in a volume of a small size [y for each point x. A random function of the spatial coordinates
o(x) is considered as limit of the conductivity o(x);,. As lp — 0, we have o(x);, — o(x).
To pass to a coarser grid /1, one can smooth the resultant field o(x);, using the scale {1 > .
Similar to [1,3], we consider a dimensionless function ¢ (x,l,1;) = o(x);/o(x)1, where
o(x);, is the conductivity o(x);, smoothed over the scale ;. The field ¥(x,l,1;) has too
many arguments. We define a simpler field that contains the same information. We expand
¥(x,11,13) and ¥ (x,l2,13) in series at l5. Rejecting the terms of second order and using the
evident equality ¢ (x,11,l3) = ¥(x,11,l2)¥(x,l2,13), we obtain

1,1 1
W = U0l k)e (xl), )
2 2

where p(x,l2) = (09(x, 2, Al2)/ON)|a=1, A = l3/l2. From (2) it follows:

9lnolx,) lnafffl‘ D — ). (3)
The solution to Eq. (3) has the form
L
oG, = ovexp |~ [ ptei) | @

lo

where o( is constant. We suppose that the conductivity has heterogeneities of the scale [
from the interval (lg, L), where lp is minimal and L is maximal scales of measurements
L3 <V, o(x) = o(x);,. The field ¢(x,!) is assumed to be homogeneous and isotropic, then
a correlation function is

(e Diply, 1)) = (p(x, ) (ol 1) = @ ((x = ¥)? L) 5)
where () is probability averaging. If the function ¢ is statistically invariant to the scale
2
— l
transform, its correlation is satisfied by ® (xTy)’% . The discrete approximation of

the fields (x, I1) will be considered to render probabilistic models. In this approximation, the
fields o(x,1),o(y,l1) with different scales [,[; at any x,y are considered to be statistically
independent. This is usually assumed in the scaling models and reflects the decay of statistical
dependence, when the scales of fluctuations become different magnitude. The latter was
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proposed in [1]. To describe the probability distribution for the integral from (4) for large
L/l, we use the theorem about sums of independent variables. If the variance of ¢(x,[) at
L
dl
a given point exists, then the theorem says that the factor / o(x, ll)l_l for very large L/l
1
lo
tends to a normal field. In the opposite case (the second correlation function does not exist),
the integral over dl/l tends to a field described by a stable distribution. The case of a stable
distribution is considered in [4]. In our work, it is assumed that at I < [ < L ¢(x,l) has
normal distribution.

2. SUBGRID MODEL

The conductivity function o(x) = o(x);, is divided into two components with respect to
the scale [. The large-scale component o(x,![) is obtained by statistical averaging over all
p(x,01) with lp < 13 <1, 1 =1y = dl, where dl is small. A small-scale (subgrid) component
is equal to ¢’/ (x) = o(x) — o(x,1):

rL o
dl dl
o(x,l) = ogexp —/cp(x,ll)l—1 <exp —/cp(x,ll)l—1 >, (6)
L 1 ! L 1 !
_ - ; - -
€xXp _/(p(xvll)l_l
o' (x) = o(x,1) = lol — —1]. 7
dly
|- [t
1
L L lo | J

A large-scale (ongrid) component of the potential U(x,() is obtained as averaging Eq. (1)
in which a large-scale component of conductivity is fixed and a small component ¢’(x)
is a random variable U(x,l) = (U (x)>0(x’l). A subgrid component of the potential is
U'(x) =U(x) — U(x,l). Substituting the expression for U(x), o(x) in Eq. (1) and averaging
over the small-scale component, we obtain

Vi [or(x7 DV, U(x,1) + <0'/(X)ViU/(X)>U(x)l)] =0, ¢))

where <>o’(x,l) denotes statistical averaging over Iy < I, when o(x,[) is fixed. The second
term in Eq.(8) is unknown. It cannot be rejected without preliminary estimation, since
the correlation between the conductivity and the potential gradient may be substantial. The
choice of the form of the second term in (8) determines the subgrid model. This expression
is estimated using perturbation theory. Let the scale [ be close to the smallest scale g.
Subtracting (8) from (1) and ignoring terms of the second order of smallness, we obtain the
subgrid equation for the potential U’(x):

1

AU'(x) = _a(x 1)

Vo' (x)VU(x,1). 9)
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The variables o(x,1), U(x,!) in the right-hand side of Eq.(9) are considered known, their
derivatives varying slower than o’(x), U’(x) and their derivatives. Therefore,

’ o 1 /1 /Y I
U'(x) = Tro(x]) ija (x")dx'V;U(x,1), (10)
v
’ . . TjTm 47T(5jm .
where r = |x — x’|. From (6), (10), using the equality g~ 3 where ¥ is a full
r
solid angle, we obtain
1 dl
(o)Vil (X))o, = |1+ | £ (1) = {¢) | 7| o(x)i ViU (x, 1), (11)

where ®¢(l) = ®(0,/). Here, the integration over the finite volume V is replaced by the
integration with infinite limits, because the correlation function ® is small outside the domain
of scale L. Such a substitution gives a coarse estimation near to the boundary, but this does
not affect the determined mean values, because L3 < V. In the limit [ — [y, we come to the
expression for the effective coefficient, which correctly describes a mean value of the current
density:

dl
Teft (x) = o exp —/w(X,h)l—ll ; (12)
l
where )
dlnog 1

If a function ¢ is statistically invariant to the scale transform, the solution to Eq.(13) has
especially a simple form: aél = oo, (I/ L)7<“">+%/ 6 where the constant ooz, describes the
density for the largest scale (j) = —oo,V (U). In the same way, we come to the effective
coefficients for the correlation tensor of the current density. The effective coefficients for
diagonal components of the tensor are

dln(agl)Z_ E
dlnl ~ \ 15

n 0'3 2
% ()~ 2(0)) Wl g2, as

If a function ¢ is statistically invariant to the scale transform,

W:91AVL —GQIVL, (15)
where w; = (j2(x)) — (i(x))% vie = ji(x), 61 = 03, (lo/L)P0%)/3, 6, =
02, (lo/L)*0/372#) A is a matrix, a; = 2(lo/L)*/™ + 1, a;j = —(lo/L)%/"® + 1,
I is a unit matrix. For non-diagonal components of the tensor, we have

din (o) /4
— = = =® -2 . 1
ok (Sau-2(0) 16)

[ (3 30)) = (G (3)) (G560 e =
= oty [(o/L)Y** 72 — (1o/L) 2T (e, L)ju(x, 1),
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3. NUMERICAL MODELLING

For the numerical calculation we use dimensionless variables. The problem is solved for
op = 1 in a unit cube with a unit potential difference along Y axis. The integral in (4) is
replaced by a finite difference formula, in which it is convenient to pass to a logarithm with
base 2, where [ = 27.

(17)

Fig. 1. The self-similar conductivity in the mid-span section z = 1/2 calculated by formula (17)
for (p) = 0.15

For the numerical modelling, the scale step A7 is equal to one, 7, = —3,—4, -5,
corresponding to [ = 1/64,1/32,1/16. To calculate ¢, we use the correlation function

(p(x, )y, 7)) — (p(x, 7)) (p(y, 73)) = (®o/ In2) exp |- (x —y)? /22”]- The constants
Dy, (p) should be chosen from experimental data for natural media [5]. We choose &5 = 0.3.
In Fig. 1, we have self-similar conductivity in the mid-span section for formula (17). The
structure of the correlation matrix allows us to represent it in the form of a direct product
of four matrices low dimensionality and to apply the algorithm «along rows and columns»
for numerical simulation [6]. According to the procedure deriving subgrid formulas, we
have to numerically solve the complete problem and perform the probability averaging over

10g2<jy>

Fig. 2. The dependence of the logarithm of the mean Y component of the current density on the
considered number of the scales in the model
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small-scale fluctuations of conductivity to verify the subgrid formulas. As a result, we obtain
a subgrid term, which can be compared to theoretical expression. In the present work, a
more efficient verification has been carried out. We numerically solve dimensionless Eq. (1)
for conductivities using one, two and three summands in the exponent of formula (17). An
iterative method combined with Fourier transform and the sweep method is used. Then, we
determine corresponding mean values replacing the statistical averaging by spatial averaging
and calculate the same mean values using theoretical formulas. We also compare the results
obtained to our theoretical formulas with the results obtained with «ordinary» perturbations
theory. The ergodic hypothesis is verified. Figure 2 gives: lines I, 2 are (log, j,(x)) obtained
by theoretical formulas (12), (13) for () = 0 and () = 0.15, respectively; dashed lines 3, 4
are the result obtained with «ordinary» perturbation theory; stars and crosslets mark the result
of numerical modelling. The mean X, Z components of the current desity are equal to 0. The
result of numerical verification for the variance of the current density components j,, j is

plotted in Fig.3, where D, = log, [<]§(x)> — <jz(x)>2}, D, = log, [<]§(X)> — <]U(x)>2}
Dashed lines 1, 2 are the result obtained with «ordinary» perturbation theory; lines 3, 4 are
obtained by theoretical formula (15) for (@) = 0.15; stars mark the result of numerical mod-
elling. For the longitudinal component variance of the density (j,(x)) the numerical result
is in good agreement with the estimation obtained with theoretical formulas (14), (15). For
the transverse component, the distinction of the two results is in the limits of the calculation
error.
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Fig. 3. The dependence of the logarithm variance of the components of the current density j,, 7 on
the considered number of scales in the model

CONCLUSIONS

In this work we obtain the formulas including the effect of small-scale fluctuations in
the calculation of mean characteristics of the current density. The conductivity field is
approximated by the extremely inhomogeneous field close to a multifractal. If | — [y in
formula (4), we obtain the multifractal. However, this approach is within the apparatus of
differential equations and theory of random processes. The main objects of the theory are
fields, whose properties can, in principle, be measured. The considered medium has the
scale-invariance conductivity. We obtain that the mean value of the current density and
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the pairwise differences, the sum of single-point moments have exponential dependencies
on the scale of inhomogeneity. The exponents in the formulas for effective coefficients are
determined. The numerical verification is in good agreement with theoretical formulas as well
as with numerical results.

The work is supported by Russian Foundation for Basic Research, project No.04-05-
64415, No0.06-05-64149, Integration project No. 75, SB RAS.
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